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INTRODUCTION
IN THIS PAPER, we develop a general equilibrium asset pricing model for use in applied research. An important feature of the model is its integration of real and financial markets. Among other things, the model endogenously determines the stochastic process followed by the equilibrium price of any financial asset and shows how this process depends on the underlying real variables. The model is fully consistent with rational expectations and maximizing behavior on the part of all agents.
Our framework is general enough to include many of the fundamental forces affecting asset markets, yet it is tractable enough to be specialized easily to produce specific testable results. Furthermore, the model can be extended in a number of straightforward ways. Consequently, it is well suited to a wide variety of applications. For example, in a companion paper, Cox, Ingersoll, and Ross [7] , we use the model to develop a theory of the term structure of interest rates.
Many studies have been concerned with various aspects of asset pricing under uncertainty. The most relevant to our work are the important papers on intertemporal asset pricing by Merton [19] and Lucas [16] . Working in a continuous time framework, Merton derives a relationship among the equilibrium expected rates of return on assets. He shows that when investment opportunities are changing randomly over time this relationship will include effects which have no analogue in a static one period model. Lucas considers an economy with homogeneous individuals and a single consumption good which is produced by a number of processes. The random output of these processes is exogenously determined and perishable. Assets are defined as claims to all or a part of the output of a process, and the equilibrium determines the asset prices.
Our theory draws on some elements of both of these papers. Like Merton, we formulate our model in continuous time and make full use of the analytical tractability that this affords. The economic structure of our model is somewhat similar to that of Lucas. However, we include both endogenous production and where w(t) is an (n + k) dimensional Wiener process in R"+k, Yis a k-dimensional vector of state variables whose movement will be described shortly, I, is an n x n diagonal matrix valuedfunction of r7 whose ith diagonal element is the ith component of 7r, 
a( Y, t) = [ai( Y, t)] is a bounded n-dimensional vector valued function of Y and t, and G( Y, t) = [gij( Y, t)] is a bounded n x (n + k) matrix valued function of
Yand t. The covariance matrix ofphysical rates of return on the production processes, GG', is positive definite.5 System (1) specifies the growth of an initial investment when the output of each process is continually reinvested in that same process. It thus provides a complete description of the available production opportunities. It does not imply that individuals or firms will necessarily reinvest in this way. The production processes have stochastic constant returns to scale in the sense that the distribution of the rate of return on an investment in any process is independent of the scale of the investment.6 ASSUMPTION A3: The movement of the k-dimensional vector of state variables, Y, is determined by a system of stochastic differential equations of the form: ( (ii) For any bounded Qc R'" there exists a constant k2, possibly depending on Q and s, such that for all x, y e Q and t s <-t', la(x, s)-a(y, s)| < k2Ix y\, IB(x, s)-B(y, s)l < k2jx-yl.
2) dY(t) = ( Y, t) dt + S(Y, t) dw(t), where a(x, t) is an m x 1 vector valued function and B(x, t) is an m x n matrix valued function, and w(t) is an n-dimensional
Detailed information on all of these topics can be found in Fleming and Rishel [10], Friedman [11] , and Gihman and Skorohod [12] . 5 When discussing stochastic differential equations as given in footnote 4, we will refer to a(x(t), t) as the vector of expected returns (or changes) of x and B(x(t), t)B'(x(t), t) as the covariance matrix of returns (or changes) of x. Similarly, if Ix is a diagonal matrix with the ith component of x as its ith diagonal element, then I-la is the vector of expected rates of return (or rates of change or percentage changes) of x and I,-BB'I-1 is the covariance matrix of rates of return (or rates of change or percentage changes) of x.
where ,(Y, t) [,i (Y, t)] is a k-dimensional vector and S(Y, t)=[sij(Y, t)
] is a k x (n + k) dimensional matrix. The covariance matrix of changes in the state variables, SS', is nonnegative definite. We will assume that Y has no accessible boundaries. Note that (2) need not be a linear homogeneous system, and that both Y and the joint process (-q, Y) are Markov. This framework includes both uncertain production and random technological change. The probability distribution of current output depends on the current level of the state variables Y, which are themselves changing randomly over time. The development of Y will thus determine the production opportunities which will be available to the economy in the future. In general, opportunities may worsen as well as improve.
Unless GS' is a null matrix, changes in the state variables will be contemporaneously correlated with the incremental returns on the production processes. Indeed, when S is identically equal to G, they are perfectly correlated and the value of Y at any time will be completely determined by the previous returns on the production processes. Consequently, our description of technological change can easily represent situations in which the random shocks to any individual production process are correlated over time. 7 Y may also include state variables which do not affect production opportunities but are nevertheless of interest to individuals. We postpone further discussion of these variables until a suitable context is developed later in the paper. ASSUMPTION A4: There is free entry to all production processes. Individuals can invest in physical production indirectly through firms or directly, in effect creating their own firms. We will adopt the second interpretation, with some remarks about the first. Individuals and firms are competitive and act as price takers in all markets. We will begin our analysis of this economy by considering the individual's allocation problem. In the presence of contingent claims, the individual portfolio selection problem will in general not have a unique solution. Consequently, it is convenient to choose a basis for the set of investment opportunities, including both production processes and contingent claims. A basis is defined as the set 8 Let dx== a(x, t) dt+B(x, t) dw(t), let a,(x, t) be the ith element of a, and let bi,(x, t) be the i, jth element of B. Ito's formula can be stated in the following way. of production processes and a set of contingent claims, with row vectors hi, as in (3), forming the matrix H, such that for any other contingent claim j, hj can be written as a linear combination of the rows of G and H. Equation (3) will now be interpreted as referring to the claims in the basis. The explicit construction of the basis over time is not of importance as long as its dimension remains unchanged, which we assume to be the case. Any creation or expiration of contingent claims which causes a change in the dimension of the basis will cause a change in the hedging opportunities available to an individual. For simplicity we assume that the basis consists of the n production activities and k contingent claims.
It is sufficient for both individual choice and equilibrium valuation to determine the unique allocation resulting when the opportunity set is restricted to the basis. Any allocation involving nonbasis claims could be replicated by a controlled portfolio of claims in the basis. " Since any of these choices would give the individual the same portfolio behavior over time and the same consumption path, he would be indifferent among them. In this scheme of things there is no reason for nonbasis contingent claims to exist, but there is no reason for them not to exist either, and we may assume that in general there will be an infinite number of them, each of which must be consistently priced in equilibrium. '2 After defining the opportunity set in this way, an individual will allocate his wealth among the (n + k) basis opportunities, and the (n + k+ 1)st opportunity, riskless borrowing or lending. Make the following definitions: W is the individual's current total wealth, ai W is the amount of wealth invested in the ith production process, and bi W is the amount of wealth invested in the ith contingent claim. The individual wishes to choose the controls aW, bW, and C which will maximize his expected lifetime utility subject to the budget constraint:'3 n ~~~~k (5) dW= aiW(axi-r)+ biW(,6i-r)+rW-C dt
We now make an assumption of a purely technical nature which enables us to apply standard results from stochastic control theory to this problem. [18] . See also Harrison and Kreps [13] . 12 This would be the case, for example, for bonds with a continuum of maturity dates or options with a continuum of exercise prices. One could then describe individual holdings in terms of a measure on the admissible set, thus allowing finite holdings at points as well as over intervals. 13 The individual chooses C, a, b taking r, a, and ,B as given. Equilibrium in the economy determines the market clearing interest rate, the equilibrium expected returns on the contingent claims, the total production plan, and the total consumption plan. In aggregate the net supply of contingent claims and riskless lending must be zero. Formally, we have the following definition: DEFINITION: An equilibrium is defined as a set of stochastic processes (r, ,8; a, C) satisfying ( 11) and the market clearing conditions E ai = 1 and bi =0 for all i.
As will soon be apparent, this is equivalent to defining equilibrium in terms of a set of stochastic processes (r, F; a, C). The existence and uniqueness of an equilibrium, and its characterization by the fundamental equation of dynamic programming, are in effect assumed in Assumption AIO. In this homogeneous society, an equilibrium is clearly Pareto optimal since for any (r, /) all individuals have the opportunity of attaining the optimum of a corresponding planning problem with no borrowing or lending and no contingent claims.
Suppose now that investment is done through competitive value-maximizing firms. Assume for simplicity that each firm invests in only one process, and let an industry be the collection of all firms using a process. With free entry and stochastic constant returns to scale, there will be no incentive for firms to enter or leave the industry if and only if the returns on the shares of each firm (the terms on which it can acquire capital) are identical to the technologically determined physical returns on that process. The equilibrium scale of each industry would then be determined by the supply of investment, which would be the same as the equilibrium with direct investment by individuals. In other words, in this simple economy the solution to the planning problem will be equivalent to the competitive equilibrium.
Let us now turn to the determination of the equilibrium values of a, r, and X3. It is evident that the equilibrium solution for these in terms of J is partially separable. With b =0, (11 c, d) determines a and r. With a and r determined, ( lle) is a linear system in /3. This does not imply, however, that consumption and investment decisions are separable, since J must be determined jointly. As this separability suggests, we can gain insight into the equilibrium by examining two related problems: (i) the planning problem with the same physical production opportunities but with no borrowing and lending and no contingent claims, and (ii) the analogous problem with borrowing and lending but no contingent claims.
Consider the optimal physical investment policy, a* , optimal consumption policy C Hence, in equilibrium in our economy J = = J**, a = a C = C*, and r = r*. We will first discuss some properties of the equilibrium interest rate, and then turn to the equilibrium rates of return on contingent claims. The equilibrium interest rate can be written explicitly as (14) r ( a *l'a is the expected rate of return on optimally invested wealth. The equilibrium interest rate r may be either less or greater than a*'a, even though all individuals are risk averse to gambles on consumption paths. Although investment in the production processes exposes an individual to uncertainty about the output received, it may also allow him to hedge against the risk of less favorable changes in technology. An individual investing only in locally riskless lending would be unprotected against this latter risk. In general, either effect may dominate. 16 The following theorem provides a more intuitive interpretation of the equilibrium interest rate. We first make one further technical assumption which will be needed only in the proof of Theorem 1. 15 If a locally riskless production process exists, then its return would be a lower bound for the interest rate. The interest rate would be at this lower bound whenever the locally riskless process is used in equilibrium. It is easy to verify that (14) still holds. 16 The presence of risk aversion suggests that the certainty equivalent rate of return on physical investment, F, should exceed the interest rate. Consider a single locally riskless, production process whose return is such that individuals would receive the same utility for investing their wealth in this process as they would from optimally investing it in the original n processes. The rate of return on this process is by definition F. Inspection of (10) 
18) dY= ,t dt+ Sdw(t).
We then find that the covariance of the rate of return on wealth with the rate of change in the marginal utility of wealth, (cov W, Jw)/ WJw, is ( 
19) (cov WJw) _ ( )[Jwwa*tGW+JwyS][a*tG]t [(Jww) (var W ) ( Jwv) W Y)]
The expected rate of return on wealth is a*'a. Combining these and comparing with (14) confirms the second part. Q.E.D.
When U(C(s), Y(s), s)-e-PSU(C(s), Y(s))
, then the first expression on the right hand side of (15) can be written as p minus the expected rate of change in the undiscounted marginal utility of wealth. These interpretations of course reduce to standard results when there is no uncertainty.
We now turn to the equilibrium expected return on contingent claims. Our second theorem gives these equilibrium expected returns in terms of the underlying fundamental variables. The coefficients of the linear combination in (20) can be given in terms of equilibrium expected rates of return on particular securities or portfolios. From (14), we see that ckw = (a*'a -r) W, the expected excess return (over the risk free return) on optimally invested wealth. The coefficient of yj is the excess expected return on a security constructed so that its value is always equal to Yj. Equation (31) below can be used to give the contractual terms required in this construction. by could also be expressed as a function of the expected rate of return on any other security or portfolio whose value depends only on Yj.
In [25] , Ross shows that if security returns are generated by a linear factor model, then under quite general conditions, the equilibrium excess expected rate of return of any security can be written as a linear combination of the factor risk premiums. The risk premium of the jth factor is defined as the excess expected rate of return on a security or portfolio which has only the risk of the jth factor. Although our underlying model is much more fully developed, the coefficients kw and bY, are Ross factor risk premiums and can be interpreted in this way.
The proof of the second part of Theorem 1 established that >w is the negative of the covariance of the change in wealth with the rate of change in the marginal utility of wealth. A similar argument shows that cy, is the negative of the covariance of the change in the ith state variable with the rate of change in the marginal utility of wealth. By using Ito's formula to write out (3) explicitly, as in the proof of Theorem 2, it then follows that (27) A, -r = -(cov Fi, Jw)/F'Jw.
That is, the excess expected rate of return on the ith contingent claim is equal to the negative of the covariance of its rate of return with the rate of change in the marginal utility of wealth. Just as we would expect, individuals are willing to accept a lower expected rate of return on securities which tend to pay off more highly when marginal utility is higher. Hence, in equilibrium such securities will have a lower total risk premium. If the direct utility function U does not depend on the state variables Y, and if both U and the optimal consumption function C* possess the required derivatives, then it follows from applying Ito's formula to the marginal utility of consumption Uc(C*) that (W(r), Y(r))EiJZ for all (W(t), Y(t) ), where r is the time of first passage from Z. That is, AZ is the set of all accessible boundary points. So (31) holds for all (s, W(s), Y(s))E[t, T) xZ, with the contractual provisions determining the boundary information20 The expression in (36) clarifies the intuitive idea of discounting with respect to a randomly varying rate of return. However, it does not provide a constructive way of finding F unless the equilibrium expected rate of return, /3, of that security is known explicitly in advance. In contrast, the next lemma requires only the interest rate and the factor risk premiums for a constructive solution, and these are common to all securities. Equations (38) and (39) say that the value of any payment is equal to the expectation of the product of its random amount, a time-discount factor, and a risk-adjustment factor. The time-discount factor represents the accumulated effect of locally anticipated percentage changes in the marginal utility of wealth. The risk-adjustment factor in turn captures the accumulated effect of locally unanticipated percentage changes in the marginal utility of wealth, and is thus a martingale. This is suggestive of procedures which make separate sequential adjustments for time and uncertainty, but it does not imply this, since in general neither term can be brought outside the expectation. Another way to state the results is that if values are measured in utility terms, as quantities times the planning price Jw, then all contingent claims are priced so that their expected rate of return over any holding period is equal to zero.
F( W( T), Y( T), T) =(W( T), Y( T)), W( T), Y( T)
E
Also assume: (i) 5 is uniformly Holder continuous on ( W, Y, s) E Z x[ t, T], (ii) 9 is continuous on Z, (iii) I is continuous on dZ x [t, T], and (iv) F( W( T), Y( T), T) = &( W( T), Y( T), T) if (W(T), Y(T)) c aZ. Previous assumptions imply that
A similar interpretation applies when investment is made through valuemaximizing firms. We can without loss of generality consider firms which confine their investment to a single production process. As mentioned earlier, such firms will have an incentive to expand or contract their investments in each process unless the aggregate allocation corresponds to that with direct investment by individuals.
To see this in the context of the valuation equation, consider an aggregate allocation with the proportion of physical wealth invested in each process given by the vector a The shares of the firms can be valued in the same way as other contingent claims. However, their net supply will be positive rather than zero.
The expected rate of return on the shares of firms in the ith industry, f8i, would then be given by the hypothetical value of ai which would solve (11 c) and (11 d) with a a . The strict concavity of J implies that this 8i will differ from the actual technologically determined cai whenever a differs from a*.
The amount of the good held by a firm continually reinvesting its output in the ith process could then be taken as an additional state variable having an expected rate of return of ai. By applying the valuation equation to this firm, we find that its market value is equal to the physical amount of the good it holds plus the value of a continual payout stream of ai -,i. The market value of a firm will thus differ from the physical amount of the good that it holds whenever ai ,3i. Consequently, all firms will be in equilibrium, with no incentive to expand or contract their investments, only when a = a*.
CONCLUDING COMMENTS
In this paper, we have developed a general equilibrium model of a simple but complete economy and used it to study asset prices. One of our principal results was a partial differential equation which asset prices must satisfy. The solution of this equation determines the equilibrium price of a given asset in terms of the underlying real variables in the economy. By combining this solution with probabilistic information about the underlying variables, one can answer a wide variety of questions about the stochastic structure of asset prices.
We have intentionally kept our model as streamlined as possible in order to concentrate on the most important issues. A number of additional features could be added in a straightforward way. For example, we could introduce multiple goods or nonlinear production technologies. As another example, we could examine how the tradeoff between labor and leisure would affect asset prices by including labor in the production function and leisure in the direct utility function.
A further generalization follows from the fact that we are free to introduce state variables which do not affect production opportunities but are nevertheless of interest to individuals. There is no reason why the movement of these additional state variables could not be influenced by individual consumption decisions. Consequently, we could define the state variables as particular functions of past consumption. For example, if we specified dYj(t)= C(t) dt, then the change in Yj over any period would be the integral of consumption over that period. Further flexibility could be obtained by including a state-dependent utility of terminal wealth function, B(W(t'), Y(t')). As a simple example, the specification U(C(s), Y(s)) = 0, B(W(t'), Y(t')) = yYj(t'), and dYj(t) = [y log C(t)]Yj(t) dt, with y a constant less than one, would correspond to the multiplicative utility functions studied in Pye [23] . In this way, we could introduce many types of intertemporal dependencies in preferences while still maintaining the tractability of our basic model.
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